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BANACH SPACE-VALUED EXTENSIONS OF LINEAR 
OPERATORS ON L°° 


NICK LINDEMULDER 


Abstract. Let E and G be two Banach function spaces, let T e £(E, Y ), and let (X, Y) be 
a Banach dual pair. In this paper we give conditions for which there exists a (necessarily 
unique) bounded linear operator Ty e £,{E(Y), G(Y)) with the property that 

<*, Tye) = T(x, e), e e E(Y), x e X. 

The first main result states that, in case (X, Y) = (Y*,Y) with Y a reflexive Banach 
space, for the existence of Ty it sufficient that T is dominated by a positive operator. We 
furthermore show that for Y within a wide class of Banach spaces (including the Banach 
lattices) the validity of this extension result for E = l°° and G = K even characterizes the 
reflexivity of Y. 

The second main result concerns the case that T is an adjoint operator on L°°(A ): we 
assume that E = L°°(A ) for a semi-finite measure space (A,^/,/!), that ( F,G ) is a Kothe 
dual pair, and that T is <x(L°°(A), L * 1 (A))-to-cr(G, F) continuous. In this situation we show 
that Ty also exists provided that T is dominated by a positive operator. As an application 
of this result we consider conditional expectation on Banach space-valued L°°-spaces. 


1. Introduction 

Given two measure spaces and v), /?, q e [l,oo], a bounded linear 

operator T e £(L P (A), L q (B)), and a Banach space 7, one can ask the question whether 
T has a 7-valued extension 7> € £(L p (A;Y),L q (B; 7)) in the sense that there exists a 
(necessarily unique) bounded linear operator 7> e £(L P (A‘, 7), L q {B ; 7)) satisfying 

0.1) {T Y f,f) = f e L P (A\ Y),y* e Y*. 

Note that 7> (if it exists) extends the tensor extension T ® I Y of 7\ which is the linear 
operator from the algebraic tensor product L P {A)®Y to the algebraic tensor product L q (B)<8 

Y determined by the formula 

(T®I Y )(f®y) = Tf®y, f e L p (A),y € Y. 

For p e [1, oo[ it holds that L P (A) ® Y is dense in L P (A; Y), so that 7\- is just the unique 
extension of T®I Y to a bounded linear operator from L P (A; Y) to L q (B\ Y). It is well known 
that, in this case, the extension Ty exists if T is dominated by a positive operator (i.e. there 
exists a positive operator S e £,(L P (A ), L q (B)) such that \Tf\ < S \f\ for all / e L P (A )) or Y 
is (isomorphic to) a Hilbert space; this can, for instance, be found in [ T6l Subsection 4.5.c] 
(also see D3). Another extension result says that, if p - q 6 [1, oo[, A = B, and Y is 
isomorphic to a closed linear subspace of a quotient of a space L P (C), then the extension 
T Y exists for every T e £,(L P (A))\ see fT9l . There also exist examples in which T Y does not 
exist. In fact, for some operators T the existence of the K-valued extension T Y characterizes 

Y as being isomorphic to a Hilbert space or characterizes different geometric properties 
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of the Banach space F; for example, the fact that the Fourier-Plancherel transform on 
has a K-valued extension & Y on Lr(R d ; Y) if and only if Y is isomorphic to a Hilbert 
space is due to Kwapien II 23 1 . and the characterization of the UMD Banach spaces as those 
Banach spaces for which the Hilbert transform (on L p (R d )) has an extension to a bounded 
linear operator on L p (R d \ Y) for some/all p e] 1, oo[ is due to Burkholder (8| (sufficiency of 
UMD) and Bourgain 0 (necessity of UMD) (see also the survey paper Q). For Banach 
space-valued extension results for singular integral operators (in the UMD setting) we refer 
to 1201 (and the references therein). 

It seems that the extension problem (11.Il l has not been considered in the literature for 
p = oo. In this paper we will obtain analogues for p - oo of the just mentioned results 
for p < oo about Banach space-valued extensions of operators dominated by a positive 
operator and Hilbert space-valued extensions of arbitrary bounded linear operators; we 
will in fact consider the extension problem in more general settings then discussed in this 
introduction. In the Banach space setting we will mainly consider the extension problem 
in two directions. 

The first direction is concerned with F-valued extensions T for Y a reflexive Banach 
space, with as main result in this direction (Theorem l3.6l > the existence of T Y plus a norm 
estimate in case that T is dominated by a positive operator. Via a result of Zippin l32l . 
which says that every separable reflexive Banach space embeds into a reflexive Banach 
space with a Schauder basis, we can reduce the situation to the case that Y is a reflexive 
Banach space with a Schauder basis. This basis can then be used to define T Y . We show 
that for the special case A = N, B = (0), so that L°°(A ) = t°° and L q (B) = K (the scalar 
field), and Y e {co,AJ. the extension T Y fails to exist when T e X((“’. IK) = (f“’j* is a 
Banach limit (so in particular T > 0). As a consequence of a generalization of a classical 
result due to Lozanovski on the reflexivity on Banach lattices we find that, given a Banach 
limit T e K), for Y within a large class of Banach spaces (including the Banach 

lattices), Y is reflexive if and only if the K-valued extension T Y e -C(£°°(Y), Y ) of T exists 
(Corollarv l3.12l) . 

In the second direction we consider arbitrary Y under the additional assumption that T 
is an adjoint operator. To be more precise, suppose that (A,s/,p) and (B,3§,v) are both 
cr-finite and that q e]l,oo], so that we have canonical isometric isomorphisms L°°(A) = 
(L\A)Y and L q (B) = (L q '(B)Y (with ± + 4 = 1). Let T = S* e £(L P (A), L q (B)) be the 

q q 

adjoint of 5 6 £AL q (B), L'(A)) and let Y be an arbitrary Banach space. As the main result 
(Theorem l3.13l ) in this direction we will show, in case that T is dominated by a positive 
operator, the existence of both T Y and S y together with norm estimates plus the adjoint 
relation 

f < Tyf, g)dv = f (/, 5 y,g) dp , / e L”(A; Y), g e Z/(B; F*). 

Jb Ja 

The idea is to first obtain S y by bounded extension of S ®Iy and then show that the Banach 
space adjoint (S y>Y of this extension restricts to an operator L°°(A; F) c (iJ (A\ F*))* —> 
L q (B\ F) c (L q '(B\ F*)), which is the desired extension J Y . An example and motivation 
for this extension problem is the conditional expectation operator on Banach space-valued 
L°°-spaces. 

The paper is organized as follows. In Section 2 we will first treat some necessary prelim¬ 
inaries. In Section 3 we present the results of this paper, with a formulation of the general 
extension problem and some basics, in the second subsection the extension problem for 
reflexive F, in the third subsection the extension problem of adjoint operators on L°° for 
general Banach dual pairs, and in the fourth (and last) subsection the extension problems 
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in the Hilbert space setting. Next, the proof of Theorem l3.13l is given is Section 4. Fi¬ 
nally, as an application and motivation, we consider the conditional expectation operator 
on Banach-valued L°°-spaces in Section 5. 

Conventions and notations. Throughout this paper we fix a field K e {R, C) and assume 
that all spaces are over this field K. For a normed space A we denote by B x its closed unit 
ball. We furthermore write ( p = A'(IN), 1 < p < oo. For two Banach lattices E and F we 
denote by M(E, F ) the set of all linear operators from E to F which are dominated by a 
positive operator. 


2. Preliminaries 

2.1. Banach Dual Pairs. For the general theory of dual systems we refer to m. 

A Banach duality (pairing) between two Banach spaces X and Y is a bounded bilinear 
form (•,■): X x Y —» K for which the induced linear maps x i—> (x, ■), X —» Y* and 
y hh> (■ ,y),Y —> X* are injections. A Banach dual pair is a triple (X, Y, (■, ■)) consisting 
of two Banach spaces X and Y together with Banach duality (•, •) between them. We write 
( X , Y) — (X, Y, (■, ■)). We call a Banach dual pair (X, Y) norming if 

IMI = sup(x,y> and ||y|| = sup(x,y>. 
yeBy xeBx 

Note that in this case X can be viewed as a closed subspace of Y* and Y can be viewed as 
a closed subspace of X*. 

Let (X, Y) be a Banach dual pair. Then the locally convex Hausdorff topology on X gen¬ 
erated by the family of seminorms {|( • ,y)| } y£ Y is called the weak topology on X generated 
by the pairing (X, Y) and is denoted by cr(X, Y ). The weak topology on Y generated by 
(X, Y) is defined similarly and is denoted by cr(Y, X). The topological dual of ( X, cr(X, Yj) 
and ( Y,cr(Y,X )) are Y and X , respectively; that is, (A, <x(A, T))' = {(-,y) | y e Y } and 
(Y, cr(Y, A))' = {(*, •) | x 6 X}. We shall always make the identifications (X, cr(X, Y))' = Y 
and (Y, <r(Y,X))' = X. 

A linear subspace Z of Y is cr(Y, X) dense in Y if and only if Z separates the points of X , 
i.e., for every nonzero x e X there exists a z e Z with (x, z) + 0. 

Recall that cr(X,X*) is called the weak topology on X and that cr(X*,X) is called the 
weak * topology on X*. 

Suppose that we are given two Banach dual pairs (Zi,Ti) and (Xo, YY) and a linear 
operator S from X\ to A3. Viewing Y, as vector subspace of the algebraic dual X* of A; 
(i = 1,2), S is continuous as an operator S : (X\, cr(X \, K])) —> (X 2 , (r(Xo, K 2 )) if and 
only if its algebraic adjoint S # maps Y 2 into Yp, we say that S is cr(X 1 , Ti)-to-cr(A 2 , Yo) 
continuous. In this situation, the restriction S' : Y 2 —> Y\ of 5 # is called the adjoint 
of S with respect to the dualities (Aj, Y\) and (AA, Y 2 ), and it is a <t( 72, A2)-to-cr(7 1 , Ai) 
continuous linear operator whose adjoint is S" = (S')' = S. The operators S and S' are 
automatically bounded operators as a consequence of the closed graph theorem. Finally, 
note that if we a priori know S to be bounded and view Y, as vector subspace of the norm 
dual A* of A i (i = 1,2), then S is crfA], K] )-to-<x(A 2 , Yo) continuous if and only if its 
Banach space adjoint S * maps lA into Y\. 

2.2. Duality and Schauder Bases for Banach Spaces. In Subsection 3.1 we will use 
Schauder bases in order to define Banach space-valued extensions of linear operators; for 
the basis of the theory of Schauder bases we refer to CD- The following well known facts 
will be important for us in this direction. 


Fact 2.1. 
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(I) Let X be a Banach space. If X has Schauder basis [bn }hgjn> then X is reflexive if 
and only if{b n }, ie n is both boundedly-complete and shrinking. 

(II) Every separable reflexive Banach space is isomorphic to a closed linear subspace 
of a reflexive Banach space with a Schauder basis. 

(Ill) Let X be a closed linear subspace of a Banach lattice E. IfX is complemented in E 
or E has an order continuous norm, then the following statements are equivalent: 

(a) X is reflexive. 

(b) X does not have linear subspaces isomorphic to Co or f. 

A reference for (I) is J2[ Theorem 3.2.13], (II) is due to Zippin (32). (Ill) is a general¬ 
ization due to Tzafriri and Meyer-Nieberg of a result of Lozanovski about the reflexivity 
of Banach lattices; see (30tt (and the references therein). For a version of this reflexivity 
result for finitely generated Banach C(K)-modules we refer to ED- 

2.3. Riesz Spaces and Banach Lattices. For to the theory of Riesz spaces and Banach 
lattices we refer to the books 0, E3- Let us recall the following notation, definitions and 
facts. 

Given a measure space (A, x'/.p), we denote by if (A) = L°(A,s/,fi\ K) the K-Riesz 
space of all p- a.e. equivalence classes of K-valued ^-measurable functions on A with its 
natural lattice operations. 

We say that a linear operator T : E —» F between two Banach lattices is dominated by 
a positive operator S 6 JK.E, F) if it holds that \Te\ < S|e| for all e e £; we also say that 
S is a dominant for T and we write T < S. We denote by mat(7) the set of all dominants 
of T ; then mat(7) c JlflE, F) + . If there is a least element in mat FT) with respect to the 
ordering of flflE.F) then it is called the least dominant of T and is denoted by \T\. We 
denote by M(E,F) the space of all linear operators T : E —» F for which maflT) 4- 0. 
Then M(E, F ) c J2(E, F ). For T e M(E, F ) we define 

\\T\\ M (e,f) := inf{||5 II : 5 e maj(7)}. 

Then ||7|| < ||T||m(e„f) for all T 6 M(X, Y) and \\T\\m(e,f) = II |T| || whenever |7| exists; in 
particular ||7’[[ = IITIImie.f) when T > 0. 

A linear operator T : E —> F between two Banach lattices is called regular if it is 
a linear combination of positive operators. We denote by L., (E, F) the space of all such 
operators. Then we have £ r (E,F) c M(E,F ) c fl(E,F) and we write ||7|| r := ||T||m(,e,f) 
for T e £ r (E, F ). If F is Dedekind complete, then we have £. r (E, F ) = M(E, F ). 

A Banach lattice E is called a KB-space ( Kantorovich-Banach space) if every increasing 
norm bounded sequence of E + is norm convergent. It is not difficult to see that a Banach 
lattice £ is a KB-space if and only if every increasing norm bounded net of E~ is norm 
convergent. Every reflexive Banach lattice is an example of a KB-space. An other example 
is the Lebesgue space /J (A). 

A Banach lattice E is said to have a Levi norm if every increasing norm bounded net of 
E + has a supremum in E. When this property only holds for sequences, then we say that 
E has a sequentially Levi norm. KB-spaces are examples of Banach lattices having a Levi 
norm. An other example is L°°(A) on a Maharam measure space (A, sf,p)\ see the next 
subsection for the notion of Maharam measure space. Note that a Banach lattice with a 
Levi norm must be Dedekind complete 

A Banach lattice E is said to have a Fatou norm if sup^ ||xq.|| = ||x|| whenever (x a } a c E 
is an increasing net with supremum x. 


2.4. Measure Theory. 
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General measure theory. For the content of this paragraph we refer to ED- 
A measure space (A, s/,p) is called 

• semi-finite if for every B e ,<// with p( B) > 0 there exists a C c B, C e si with 
0 < y u(C) < oo; 

• decomposable (or strictly localizable\^\ if there exists a family {A,■},<=/ of pairwise 
disjoint sets in si such that p(A,) e]0, oo[ for all i e /, and for each B e </i of finite 
measure there exists countable subset /q c I of indices and a p-null set N e si 
such that A = |J ;£/o (fi fi A,) U N; 

• Maharam (or localizable ) if it is semi-finite and if for every fi c si there is a 
H e si such that (i) E \ H is neglible for every E e fi and (ii) if G e si and E\G 
is neglible for every E 6 fi, then H \ G is neglible. 

Regarding the relation between the different types of measure spaces, the following chain 
of implications holds true fDl Theorem 211L]: 

(2.1) cr - finite ==> decomposable => Maharam => semi - finite. 

A more elegant equivalent definition of Maharam measure space is via the measure algebra 
of (A, si,p), which is obtained from si by identifying sets which are /r-a.e. equal: a 
measure space is Maharam if and only if its measure algebra is Maharam, i.e. is a semi- 
finite measure algebra which is Dedekind complete as a Boolean algebra (see Q2 and 

US). 

The canonical linear map g ha Ag,L°°(A) —> (L'(A))* is an injection if and only 
if (A,si,p) is semi-finite, in which case it is an isometry, and this map is a bijection 
if and only if (A,si,p) is Maharam, in which case it is an isometric isomorphism; see 
HI Theorem 243G]. The sufficiency of Maharamness in the latter statement is in fact 
a special case of Fact 12.21 Another important characterization of the Maharam measure 
spaces among the semi-finite measure spaces is 113] , Theorem 241 ,G.(b)]: a semi-finite 
measure space (A, si,p) is Maharam if and only if L°(A) is Dedekind complete. 

Banach space-valued measurability. Let (A, be a measure space and let A be a Ba¬ 
nach space. 

We denote by 

[ » 

St(A; X) | ^ Iaj ® Xj : Aj e si disjoint ,Xj€X 

U 1 

the vector space of A-valued step functions; here we use the usual notational convention 
to view, given a function / : A —> K, / ® x as the function a ha f(a)x, A —> X. 
A function / : A —> X is called strongly measurable if it is the pointwise limit of a 
sequence (fk)k<= N c St(A;X); it can be shown that the sequence {fk)k can be chosen such 
that ll/rll^. < \\f\\ x . The well known Pettis measurability theorem says that a function 
/ : A —> X is strongly measurable if and only if / is separably valued and (/, x* ) is 
measurable for all x* in some weak* dense subspace Z of A*; consequently, if / : A —> A 
is strongly measurable and takes its values in a closed linear subspace Y of A, then / is 
also strongly measurable as a function A —> Y. We denote by L°(A; A) the vector space 
of all p- a.e. equivalence classes of strongly measurable functions / : A —> A. We also 
view L°(A; A) as the vector space of all p- a.e. equivalence classes of functions g : A —> A 
which are p- a.e. equivalent to a strongly measurable function on / : A —> A. 


1 Such measure spaces are also said to satisfy the direct sum property. 
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2.5. Banach Function Spaces. For the theory of Banach function spaces we refer to 
I3~n . l26l (cr-finite measure spaces) and lfl2l . lfT4ft (general measure spaces and, in particu¬ 
lar, Maharam measure spaces). 

A Banach function space on (A, sT ,p) is an ideal E of if (A) which is equipped with a 
Banach lattice norm. Note that each Banach function space is cr-Dedekind complete, being 
an ideal in the cr-Dedekind complete L°(A). Examples of Banach function spaces are the 
//-spaces (p e [1, oo]), Orlicz spaces, Lorentz spaces, and Marcienkiewicz spaces. 

A Kothe dual pair (of Banach function spaces) on (A, ///,//) is a Banach dual pair (E, F) 
consisting of two Banach functions spaces E and F on (A, ,v/,p) with E ■ F c L l (A) for 
which the pairing (•, •) is given by 

(e,f) = f f g dp, e e E,f e F. 

Ja 

Observe that the induced linear maps en (e, - ),E —> F* and / i-> (■ ,f),F —> E* are 
lattice isomorphisms onto their images. Examples of Kothe dual pairs are (L 1 (A), L°°(A)) 
for (A, sf, p) semi-finite or ( L P (A ), L p ' (A)) for p,p' e]l, oo[, k + y = 1; these two examples 
are even norming. 

The Kothe dual of a Banach function space E on (A , .f, p) is the ideal E x of L°(A) 
defined by 

E x := {/ e L°(A) : fe e L X (A) Ve e E), 
and is equipped with the seminorm 


ll/llfix := sup 



e e E, ||e|| < 1 


Suppose that (A, sf, p) is Maharam. Then every Banach function space E on (A, .c/,p) 
is Dedekind complete, being an ideal in the Dedekind complete if (A), and has a well- 
defined support or carrier supp(E’) in A, which is the smallest set supp(£) (with respect 
to /r-a.e. inclusion) such that every e e E vanishes p- a.e. on A \ supptE). It holds that 
supp(E) - A if and only if E is order dense in if (A) if and only if for every B e /// there 
exists aCet/ such that C c A, p(C) > 0, and 1 q e E. In situation we have the following 
important duality result: 


Fact 2.2. Suppose that E is a Banach function space on the Maharam measure space 
(A,&/,p) having full carrier (i.e. supp(E) = A). Then E x is a Banach function space on 
(A, s/,p) with supp(£ x ) = A and ( E , E x ) is a Kothe dual pair on (A, &f,p) for which the 
image off t-* (•,f),E x —> E* is the band of order continuous functionals in E*. In 
particular, f i—> ( • ,f),E x —» E* is an isometric lattice isomorphism if and only if E has 
an order continuous norm. 


Note that E = L°°(A) does in general not have an order continuous norm, in which case 
the norm dual (L c "(A ) f has functionals which are not order continuous, or equivalently, 
functionals which do not belong to the Kothe dual (L°°(A)) X = L l (A). In the special case 
of the counting measure space (A,&/,p) = (N,'P(N),#), so that E = I°°, examples of 
linear functionals belonging to (1°°)* \ f are the so-called Banach limits, whose existence 
can be established using Hahn-Banach (see ffTOi Section III.7]). 

Definition 2.3. A bounded linear functional A e ((“’)* is called a Banach limit if it has the 
following properties: 

(a) If{x„)„ e ]N 6 T™ is a convergent sequence with limit x (as n —» oo), then A({x„} n eN) = 
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(b) A is positive. 

(c) A({x„}„ g n) = A({x„+i} wg n) for all { Xn } miffs' £ f • 

We will use Banach limits as a counterexample to the extension problem in Subsection 
13.21 see Examnle l3.10l 

2.6. Kothe-Bochner Spaces. Given a Banach function space £ on a measure space (A, .«/, /./), 
we define the vector space 

E(X) := {/ € L°(A-X) : ||/|| x e E). 

Endowed with the norm ||/|| := ||||/|| z || £ , E(X) becomes a Banach space which is called the 
Kothe-Bochner space associated with E and X. We denote by E®X the closure of E 8 X in 
E(X); recall that we use the usual convention to view e 8 x as the function a hh> eiajx. We 
have E(X) - F®X provided that E has an order continuous norm; in fact, it is not diffcult 
to show that the linear subspace 

St£(A; X) := ] ^. <g> X j : Aj e srf disjoint, 1 Xj e E , Xj e V j 

= St(A; X) n EQ 0 

of step functions which are in E(X) is already dense in E(X) provided that E has an order 
continuous norm (see nsi)- We would like to mention that there are several cross-norms 
on E 8 X which coincide with the restricted norm coming from E(X) (see lfT8l and the 
references therein). 

Observe that for E = L P (A ) (p e [ 1, oo]) we get the usual Lebesgue-Bochner space 
E(X) = L P (A:X). 

If (X, Y) is a Banach dual pair and (E, F ) a Kothe dual pair on (A, sY,p), then (EQ. 0, F(Y)), 

{ EXjX, F(Y)), ( E(X ), F®Y) and (EgX, F®Y) are Banach dual pairs under the pairing 

(e,f) = (e, f)(E(x),F(x)) ■- J"(e(a), f(a))( X ,Y) dp(a); 

in fact E ® X and F ® Y are already separating for F(Y') and F(X), respectively. 

Suppose that (X,Y) is norming. If (E,F) = (L'(A), L“(A)) with (A,g/,p) semi-finite 
or (E,F) = (L p (A), L P (A)) with 1 < p,p' < oo, i + y = 1, then the Banach dual pair 
(E(X), F(Y)) is norming; note that for the latter it suffices to consider the cr-finite case. 

In the case of a semi-finite measure space (A, &Y,p) it can in fact be shown (with a slight 
modification of the proof of (6] Theorem 1.1]) that, if (E, F) is a norming Kothe dual pair 
on A, then the dual pair (F(X), E{Y)) is norming as well. 

2.7. Banach Space-Valued Extensions of Linear Operators Between Banach Function 
Spaces. Given two Banach function spaces E and G, a bounded linear operator S from E 
to G and a Banach space X, we can define the tensor extension S ® lx from E ® X to G ® X 
as the linear operator determined by the formula 

(,S <8 IxXf 8 x) S f 8 x, f e E, x e X. 

It is a natural question whether S 8 lx extends to a bounded linear operator from E®X to 
G®X\ recall that F8X denotes the closure of F 8 X in F(X) when Fisa Banach function 
space. If S < R for a positive operator R e FiE, G) (R > 0 dominates S ), then it can be 
shown that 

(2.2) IICS®/x)elbr<*IMbr 

for all / 6 E 8 X (cf. Lemma 2.3 of fl7l ), from which it is immediate that: 
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Fact 2.4. Let S be a bounded linear operator between two Banach function spaces E and 
G and let X be a Banach space. IfS e M(E,G) (i.e. S is dominated by a positive operator), 
then S <g> I x has a unique extension to a bounded linear operator S x from E®X to G®X of 
norm ||S*|| < ||S|| M(£jG) . 

Note that if E has an order continuous norm, so that E®X = E(X) (i.e. E®X is dense in 
E(X)), then the fact says that, for every S e M(E, G ), the tensor extension S ® I\ extends to 
a bounded linear operator Sx e -C(E(X), G(X)), or equivalently, there exists a (necessarily 
unique) bounded linear operator Sx £ -C(E(X), G(X)) with the property that 

(S x e,x*) = S(e,x), e e E(X), x* e X*. 


The aim of this paper is to obtain analogues of this extension result (in the latter formu¬ 
lation) for E not (necessarily) having an order continuous norm, with as main interest 
E = L°°(A). Our two main results in this direction are Theorem l3.bl and Theorem 13. 1 31 
In case G has a Levi norm (so that G must be Dedekind complete and thus M(E, G) — 
JffE, G )) the converse of the above fact holds as well and is an easy consequence of the 
fact taken from 0 that, in this case, S is regular if and only if there exists a constant C > 0 
such that, for all e \,..., e^ e E, 



G 


< 


C 


23 


E 


Fact 2.5. Let S be a bounded linear operator between two Banach function spaces F and 
G of which G has a Levi norm. Then the following assertions are equivalent. 

(a) S is regular; 

(b) S <g> If i has an extension to (a necessarily unique) bounded linear operator S (i 6 
£(E®£ 1 ,G®£ { ); 

(c) S <8> Ix has an extension to (a necessarily unique) bounded linear operator S x £ 
f,(E<f)X, G®X)for every Banach space X. 

In this situation we have ||Sxll < ||S || r < ||S p ||. 


In case that X - H is a Hilbert space, E = L P '(A) and G - L P2 (B) with 1 < p\,pi < 
oo, we do not need to impose any restrictions on the operator S for S ® Ih to have a 
bounded extension. This result was proved in the 1930’s by Marcinkiewicz and Zygmund 
using Gaussian techniques ll25l : in fact, there exists a constant 0 < K < max{j|^|p-, 1}, 
where y denotes a standard Gaussian random variable, such that, for all operators S e 
£,(LP' (A), L P2 (B)), S <2> /// has a bounded extension S H e £,(L P ' (A; H ), L P2 (B; H )) of norm 
\\S H \\ < K ||k || for any Hilbert space H, or equivalently, we have the following square 
function estimate 


n \ 

1/2 


n ' 

1/2 

X l 5e »l 2 


<*lisil 



\k=l J 


LP 2 (B) 

k= 1 J 



valid for all e\,... ,e„ e LP'(A) (see also 03). Using the Grothendieck inequality, Krivine 
ll22l showed that this inequality is in fact valid for general Banach lattices with as best 
possible constant K (working for all pairs of Banach lattices) the Grothendieck constant 
Kc (also see |24l pg. 82]). As a consequence: 

Fact 2.6. Let S be a bounded linear operator between two Banach function spaces E and 
G and let H be a Hilbert space. Then S ® /// has a bounded extension S h € £,(E®ll, G®H) 
ofnorm\\S H \\<K G \\S\\. 
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Again note (as after Fact I2.4I > that if E has an order continuous norm, then the result 
says that there exists a (necessarily unique) bounded linear operator S h e -C(E(H), G(H )) 
with the property that 

(, S | h) H — S (e \ h) H , e e E(X), h e H. 

We will extend this result to general E not having an order continuous norm under a mild 
assumption on G (Prot)osition l3.19l >: moreover, we will show that if S is an adjoint operator, 
then so is Sh (Corollary 13. 201 ). 

2.8. When are all Bounded Linear Operators Regular? Regarding Banach space-valued 
extensions of operators between Banach function spaces, in view of Fact l2.4l (and Fact l2.5l > 
it is interesting to know between which Banach function spaces every bounded linear op¬ 
erator is automatically regular. For the following Banach lattice theoretic result in this 
direction we refer to m and J29]- 

Fact 2.7. Let E and F be two Banach lattices. In each of the following cases we have that 
every bounded linear operator from E to F is regular: 

(i) F is Dedekind complete and has a strong order unit. 

(ii) E is lattice isomorphic to an AL-space and F has a Levi norm. 

(iii) E is lattice isomorphic to an atomic AL-space. 

(iv) E is atomic with order continuous norm and F is an AM-space. 

Moreover, in case (i) and (ii), if F has a Fatou norm, then we have ||7j| = \\T\\ reg for all 
T € JXE, F). 

Note that for example every bounded linear operator T : L P (A) —> L°°(B), p e [1, oo[ 
and B Maharam, is regular by (i) and that every bounded linear operator T : L l (A) —> 
L q (B), q e [1, oo[, is regular by (ii), and thus have F-valued extensions Ty of norm ||7Y|| < 
||7j| for every Banach space Y (by Fact l2.4l >. 

3. Results 

3.1. The Extension Problem. Let E and G be two Banach function spaces and let T e 
HE, G). Given a Banach dual pair (X , Y), we are interested in the question whether there 
exists a (necessarily unique) bounded linear operator Ty e J1(E(Y), G(Y)) with the property 
that 

(3.1) (x, T Y e) = T(x, e), e 6 E(Y), x e X. 

We call the operator Ty the K-valued extension of T with respect to the pairing (X, Y). 

In case E has an order continuous norm, so that E®Y is dense in E(Y) (i.e. E®Y = E(Y)), 
Ty is just the unique extension of T ® Iy to a bounded linear operator Ty e £.(E(Y), G(Y)). 
So, in this situation, we have existence of Ty provided that T is dominated by a positive 
operator (Fact l2.4b or Y is a Hilbert space (Fact 12.61) . In this paper we will consider the 
extension problem (13.11) for E not (necessarily) having an order continuous norm, with as 
main interest E = L°°(A), and obtain analogues of the two just mentioned extension results; 
see Theorem l3.6l and Theorem l3.13l for extensions of operators dominated by a positive 
operator and Pronosition l3.19l and Corollarv l3.20l for Hilbert space-valued extensions. 

Remark 3.1. Note that if 7> is a mapping E(Y) —> G(Y) satisfying (13.1b . then T Y is 
automatically a linear operator which is bounded by the closed graph theorem. Moreover, 
if T € M(E , G ) and ( X , Y) is norming, then we have the norm estimate ||7Y|| < \\T\\ MiE ,G). 
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Proof of the norm estimate. Let e e E(Y) be given. Pick a positive operator/? e £(E,G) 
dominating T. Since (X , Y) is norming, we can pointwise estimate 

||7Ye|| y = sup \(x,T Y e)\ ^ sup \T{x,e)\ < sup e>| <i?||e||y, 
xeBx xeBx xeBx 

and thus ||7Ye|| c(y) < ||fl|| ||e|| £(y) . Therefore, ||7Y|| < \\T\\ M(EG) . □ 

The following simple lemma gives, in two situations, a suggestion how to obtain the 
Y- valued extension of T: 


Lemma 3.2. Let E and G be two Banach function spaces, T e Jj(E, G), and (X , Y ) a 
Banach dual pair. Assume that T has a Y-valued extension Ty with respect to (X , Y). 

(i) IfY has a Schauder basis {/?„}, i£ N with biorthogonal functionals {^7* }«eisr C X, then 
we must have 

CO 

(3.2) T Y e = Y J T(b:,e)®b n 

n =0 

pointw’ise in Y for every e e E(Y). 

(ii) Suppose that (D,E) and (F,G ) are Kothe dual pairs and that T is cr(E,D)-to- 
cr(G, F) continuous with adjoint S 6 J1(F, D ). If S ® lx has an extension to 
a bounded linear operator Sx 6 £,(F®X,D®X), then Ty is cr(E(Y),D®X)-to- 
cr(G(Y), F®X) continuous with adjoint Sx- 


Proof (i) is immediate from the definition of Schauder basis and (13.1b . For (ii), let e e 
E(Y). For / e F and x e X we compute 

Pul 

(Tye, f ® x)( G (y\f®x) = {{Tye, x)(y X ), f){G,F) = (T(e, x)(y X ). f)(G,F) 

~ ((<?, x)(Y'X), s f)(E,D) = (e,Sf ®-r)<£(F),D®X>> 

so that, by linearity. 


(Tye, <f>)(G(Y),F®X) ~ (e,(S ® Ix)f){E(Y),D®X) ~ (e,S xf)(E(Y),D®X) 

for all (j> e F ® X. By continuity and density this identity extends to all <p 6 F®X, proving 
the desired result. □ 


In the setting of (i) in this lemma, if the basis (/?„ }„ cN is boundedly-complete and if X is 
the closed linear span of {b*} ne ^ in X *, then we can use formula (13.21) to define T Y : 


Lemma 3.3. Let E and G be two Banach function spaces and let T e £.(E, G). Sup¬ 
pose that Y is a Banach space having a boundedly-complete Schauder basis {f>„)„ e ]N with 
biorthogonal functionals Define X as the closed linear span of {b* n } ne \ n in Y*. If 

T e M(E,G), then it has a Y-valued extension Ty 6 Jj(E(Y),G(Y)) with respect to (X, Y) 
(in the sense of Efl» of norm ||7Y|| < IITH^g). 

Proof Let R e JjiE, G) be a positive operator dominating T. For all e 6 E(Y) we can 
estimate 

N 

J]T(b: v e)®b n 

n =0 

<KR\\e\\ Y , 


( N 


(T 0 Iy) 




\n =0 


< R 


f^(b* n ,e)®b, 

n—0 


where K is the basis constant of {£>„}, ie jN- Since the basis }„ e iN is boundedly complete, 
we can define Tye e L°(A; Y) as the pointwise limit limAr^oo Z^ = o T{b* n ,e) 0 b n in Y to 
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obtain an element Tye £ G(Y) satisfying ||7>e||y < KR \\e\\ Y £ G. It then clearly holds that 
( b *, Tye) = T(b*, e ) for all e e E(Y) and n e N, from which it follows that, in fact, 

<x, Tye) = T(x, e), e e E(Y), x € X. 

Remark lTTl now completes the proof. □ 

In the situation of the above lemma, the canonical map j : Y —» X* given by j(y)(x ) = 
(y, x), for all y e Y and x e X, is an isomorphism, which is isometric in case j/?„}, lcN 
is monotone; see (2j Theorem 3.2.10]. In particular, (possibly) up to an equivalence of 
norms, the above lemma is concerned with a special case of the situation {X, Y) = (X,X*). 
Regarding general T-valued extensions with respect to (X, Y) = (X,X*), let us remark the 
following: 

Remark 3.4. Let E and G be two Banach function spaces and let T e £(E, G). Let X 
be a Banach space and put Y := X*. In this situation we would like to simply define the 
T-valued extension Ty of T with respect to (X, Y) by ED- However, {(x, Te) : x £ X] c G 
is just a family of equivalence classes of measurable functions and it is not clear how 
to obtain an element Tye e G(Y, cr(Y, X)). In case G is a Banach function space over 
(B, 3$, v) = (B, P(B), #) this problem does not occur. Moreover, if B is countable or Y is 
separable, then we obtain an element Tye e G(Y). 

In view of Lemma l3.2l (ii) it is natural to consider the extension problem in the following 
lemma. 

Lemma 3.5. Let (D , E) and {F ', G) be two Kothe dual pairs and let T € EXE, G ) be a 
cr(E, D)-to-cr(G, F ) continuous linear operator with adjoint S € £(F, D). For any dual 
pair of Banach spaces (X, Y), the following are equivalent: 

(a) T <g> I Y extends to a (necessarily unique) cr(E(Y),D®X)-to-cr(G(Y),F®X) contin¬ 
uous linear operator Ty e £(E(Y), G(Y)). 

(b) S <8>/x extends to a (necessarily unique) cr(F®X,G(Y))-to-cr(D®X,E(Yj) continu¬ 
ous linear operator S x 6 £(F®X, D®X). 

In this situation, S x and Ty are adjoints of each other and Ty is the Y-valued extension of 
T with respect to (X, Y) (in the sense of ED). 

Proof. Note that the uniqueness in (a) and (b) follow from the cr(E(Y), DigiXj-density of 
E ® Y in E(Y) and the <r(F®X, Gib)(-density of F ® X in F®X. The adjoint part in the last 
statement is contained in the proof of the implications "(a)=>(b)" and "(b)=>(a)". That Ty 
then is the K-valued extension of T with respect to (X, Y) can be seen as follows: Given 
e e E(Y) and x e X, we have 

(f, (x, T Y e){x,Y)){F,G) = (f ®x, T Y e)( F ®x,G(Y)) = (S f ® X, e)(D&X,E(Y)) 

= (S f,(x,e){x,Y)){D,E) = ( f,S{x,e)( X ,Y))(F,G) 

for every / e F. As F is separating for G, this shows (x, Tye) = T(x, e). 

"(a)=>(b)": Let Sx ■= (Ty / e -C(Ff>X. DfX) be the the adjoint of Ty. A computation 
similar to the above one yields that (S x f, e)<D®x,£(y)> = ((S ® Ix)f, e) {D ® x ,E(Y)) for all / e 
F ® X and e £ E ®Y while E ®Y separates the points of D®X, whence Sxf - (S ® Ix)f 
for all f e F <g>X. This gives (b). 

"(b)=>(a)": Completely analogous to the implication "(a)=>(b)". □ 

In the next two subsections we will use Lemma [3T3] and Lemma [331 to obtain our two 
main extension results, Theorem l3.6l and Theorem 13. 1 31 
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3.2. Extensions with respect to ( X, Y) = (Y\ Y) with Y Reflexive. 

Theorem 3.6. Let E and G be two Banach function spaces and let T e M(E, G ). IfY is a 
reflexive Banach space, then the Y-valued extension Ty £ LXE(Y),G(Y)) ofT with respect 
to (Y*, Y) (in the sense of (13.11) ) exists and is of norm ||7Y|| < \\T\\ M ^ EG y 

As an immediate consequence of this theorem and Fact l2.7l we have: 

Corollary 3.7. Let E and G be two Banach function spaces such that one of the following 
four conditions is satisfied: 

(i) G has a strong order unit; 

(ii) E is lattice isomorphic to an AL-space and G has a Levi norm; 

(Hi) E is lattice isomorphic to an atomic AL-space; 

(iv) E is atomic with order continuous norm and G is an AM-space. 

Then, for every T € JflE.G) and every reflexive Banach space Y, the Y-valued extension 
Ty e LXE(Y),G(Y)) ofT with respect to (Y*, Y) exists. Moreover, in case of(i) and (ii), if 
G has a Fatou norm, then we have the norm estimate ||7Y|| < ||7’||. 

In combination with Fact 12.1 K ID, the next lemma allows us to reduce the proof of the 
theorem to the case that Y is a reflexive Banach space with a Schauder basis. 

Lemma 3.8. Let E and G be two Banach function spaces, T 6 fl(E,G), and Y a Banach 
space. 

(i) If T has a U-valued extension T\j with respect to (U*,JJ) for every separable 
closed linear subspace U of Y, then T also has a Y-valued extension Ty with 
respect to (Y*, Y). 

(ii) IfY is a closed linear subspace of a Banach space Z for which T has a Z-valued 
extension Tz with respect to (Z* ,Z), then T also has Y-valued extension Ty with 
respect to (Y*. Y). 

Proof, (i) This follows easily from the fact that every / e E(Y) may be viewed as an 
element of E(U) c E(Y) for some separable closed linear subspace II of Y in combination 
with Remark 13. 11 

(ii) Viewing E(Y) as closed linear subspace of E(Z), Tz restricts to an operator on E(Y) 
as consequence of the fact that Y = ± () /± ). From Hahn-Banach it follows that T Y := Tz\ E(Y) 
is a Y- valued extension of T with respect to {Y*, Y). □ 

We are now ready to give a clean proof of the theorem. 

Proof of Theorem \3.6\ First, in view of (i) of the above lemma and the fact that a closed 
linear subspace of a reflexive Banach space is a reflexive Banach space on its own right, 
it suffices to consider the case that Y is a separable reflexive Banach space. Next, in view 
of (ii) of the above lemma and Fact 12.11 (11). it is in turn enough to treat the case that Y 
is a reflexive Banach space having a Schauder basis. By Fact l2.1l (D. this basis is both 
boundedly-complete and shrinking. The existence of 7> now follows from an application 
of Lemma l3T3l for the norm estimate we refer to Remark l3TT1 □ 

Remark 3.9. The use of Fact 12. II (II) in the above proof can be avoided in the special case 
that G is a Banach function space over (B, Sfl, v) = (B, V(B), #); see Remark 13.41 

In the next example we show that for the non-reflexive Banach spaces Y — co and Y — f 
the statement of Theorem B ,6l does not hold. Note that in both cases Y has a Schauder basis 
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(the standard basis), with in case Y — co a basis which is shrinking but not boundedly- 
complete and in case Y — (' a basis which is boundedly-complete but not shrinking; also 
see Fact 12. 1 1 (D. 

Example 3.10. Let E - £°° and G = K. Take T e •£(£“, IK) = (£“)* to be a Banach 
limit (see Definition 12.3b . Then T is a positive operator, but for Y e {co, f 1 ) the T-valued 
extension T Y e £,({°°(Y), Y) of T with respect to (F\ Y ) does not exist. 

Proof. Let us first treat the case Y = cq. To the contrary we assume that T Cft does exist. By 
Lemma l3T2l (i) (equation (13.2b ) we must then have 

(Tff)k €n = T Ca f e co 

for all / = (fk)ke n G (’“(co); here fk is the Ar-th coordinate in co of / (with respect to the 
standard basis). But for 

/ = (fk)km G £“(c 0 ) given by f k := l ( u-+i....| 
we have (T f k ) ke ^ = 1 € co, a contradiction. 

Next we treat the case Y = £'. We again assume to the contrary that T f \ does exist. By 
Lemma lT2l (i) (equation (13.2b ) we must then have 

{Tf k )km = T{tf e i x 

for all / = (fk)ks n G £“(£'); here f k is the A-th coordinate in C 1 of / (with respect to the 
standard basis). But for 

/ = (fk)k€ n G given by f k := l w 

and 1 e €°° = (t'f this yields 

CO CO 

° = Z 0 = Z^ = < 1 ’^ , /> = r < 1 ’/ > = rl = 1 ’ 

*=0 k~0 

a contradiction. □ 

Remark 3.11. In 01 it is shown that Banach spaces 1-complemented in their bidual admit 
vector-valued Banach limits, whereas co does not. Since a T-valued extension with respect 
to a norming dual pair (X, Y) of a Banach limit is a vector-valued Banach limit on T, the 
latter also gives an explanation for the failure of the extension for Y — cq in the above 
example. The case Y = in this example shows that a vector-valued Banach limit on (' 
cannot be obtained as an (’'-valued extension with respect to f) of a Banach limit; 
note, however, that (’'-valued extensions with respect to (co, £') of Banach limits exist by 
Lemma [331 (also see Remark 13.4b . Finally, observe that, by Theorem 13. 61 every reflexive 
Banach space Y admits vector-valued Banach limits which are T-valued extensions with 
respect to (Y*, Y) of Banach limits. 

Combining this example with Fact 12.1 l (III). Lemma [3T8l (ii). and Theorem 13.61 we see 
that, for T in a wide class of Banach spaces (including the Banach lattices), Theorem 13. 61 
even characterizes the reflexivity of T: 

Corollary 3.12. Let Y be a closed linear subspace of a Banach lattice E such that: Y 
is complemented in E or E has an order continuous norm. Given a Banach limit T e 
, K) = (£“)*, the following statements are equivalent. 

(a) Y is reflexive; 

(b) T has a Y-valued extension Ty G -£(£“(T), T) with respect to (T*, T); 

(c) Y does not have linear subspaces isomorphic to c o or C\. 
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3.3. Extensions of Adjoint Operators on L°° with respect to Arbitrary Banach Dual 
Pairs (A, Y ). 

Theorem 3.13. Let (A, .vY, p) be a semi-finite measure space, let (F,G ) be a Kothe dual 
pair of Banach function spaces over a measure space (B , PS, v), and let T e -£(L°°(A), G ) be 
a o~(L°°(A ), L l (A))-to-cr(G, F ) continuous linear operator, say with adjoint S € -C(F, L l (A)). 
IfTe M(L°°(A), G), then we have, for any dual pair of Banach spaces {X , Y), that T ® Iy 
has a unique extension to a cr(L°°(A; Y), L l (A;X))-to-cr(G(Y), F®X) continuous linear op¬ 
erator Ty e £.(L°°(A\ Y),G(Y)). In this situation, Ty is the Y-valued extensions ofT with 
respect to (X, Y) and the adjoint Sx £ £.(F®X,L x (A\Xj) ofTy is the unique bounded ex¬ 
tension of S ® lx- Moreover, S 6 M(F, L l (A)) = JL r (F, L l (A)) and these extensions are of 
norm ||S X || < \\S\\ r and \\Ty\\ < ||7j| M (L”G4),G)- 

We will give the proof of this theorem in the next section. In Section 5 we will use this 
theorem to obtain the conditional expectation operator on Banach space-valued L°°-spaces. 

Remark 3.14. Note that for T ® Iy to have an extension to a o-(L°°(A\Y),L x (A\X))- to- 
cr(G(Y), F®X) continuous linear operator Ty e £,(L°°(A\ Y), G(Y)) it is necessary that S is 
regular. Indeed, from Lemma [331 it then follows that S ®Ix extends to a bounded operator 
Sx £ -C(F®X, L 1 (A; A)) for any Banach space X (just take (X, Y) = (X, X*) as dual pair of 
Banach spaces), which by Fact l2.5li ust means that S is regular. 

We will in fact start the proof of this theorem by showing that S is regular, then extend 
S ® lx to a bounded linear operator Sx £ If F®X, L 1 (A; A)) and obtain Ty by restriction of 
the Banach space adjoint (Sx)* £ X((T’(A; A))*, (F®. X)*). 

Next, we consider situations in which the extension of T ® I x in Theorem 13.131 is for 
free. The idea is to impose conditions on (F, G) which guarantee that T is automatically 
regular, either via T being a bounded linear operator from L°°(A) to G or via S and the 
following little lemma: 

Lemma 3.15. In addition to the assumptions ofTheorem \3.13\ suppose that the image of 
i : g i—> (■ ,g),G —> F* is a band in F*. Then T is regular provided that S is regular. 

Proof First note that i(G) is a projection band in the Dedekind complete F*. Let P be the 
associated band projection. Since i is a lattice isomorphism onto its image, this projection 
P induces a positive linear map n : F* —> G such that n o i = I c . Now note that 
7t o S* : (L l (A))* —> G extends T and is regular if S is so. □ 

Note that G must be Dedekind complete, being lattice isomorphic to a band in the 
Dedekind complete F*. 

Examples of a Kothe dual pairs satisfying the hypotheses of this lemma are (F, G ) = 
(L p (B),L q (B)) with 1 < p, q < co, j + i = 1 on an arbitrary measure space (B,£,v) or 
(F, G ) = (F, F x ) with F a Banach function space on a Maharam measure space (B, ITS, v) 
having full carrier (see Fact l2,2t , 

Corollary 3.16. Let (A, sf ,p) be a semi-finite measure space, let (F , G) be a Kothe dual 
pair of Banach function spaces over a measure space ( B, SS, v), and let T : L°°(A) —» G be 
a cr(L°°(A), L l (A))-to-cr(G, F) continuous linear operator. In each of the following cases 
T is automatically regular: 

(i) G is Dedekind complete and has a strong order unit. 

(ii) The image of g (• ,g),G —> F* is a band in F* and F is lattice isomorphic to 
an AL-space. 
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As a consequence, in each of these cases we have that, for any dual pair of Banach spaces 
( X , Y), T ®Iy has a unique extension to a cr(L°°(A\ Y), L l (A;X))-to-cr(G(Y), F®X ) continu¬ 
ous linear operator Ty e £,{L°°(A\ Y), G(F)), which is the Y-valued extension ofT with re¬ 
spect to (X, Y). In this situation, denoting by S e -C(F, L(A)) the adjoint ofT with respect 
to the dualities (L l (A), L^iA)) and {F,G ) and by Sx e -C(F®X, L'(A; X)) the adjoint of 
Tx with respect to the dualities (L}(A)(X),L a ‘(A\ F)) and {F®X,G(Y)), S e -C r (F, L 1 (A)), 
and S x is the unique bounded extension of S ® lx■ Moreover, these extensions are of norm 
115x11 < 115 \\ r and\\T Y \\<\\T\\ M{L ^ AXG) . 

Proof Case (i) is an immediate consequence of Fact l2.7l whereas case (ii) follows from a 
combination Fact l2.7l and the above lemma. □ 

Examples of Kothe dual pairs (F, G) satisfying the hypothesis of this result are (F, G) = 
(L 1 (B),L°°(B)) on a Maharam measure space (B,88, v) and ( F,G ) = (L P (B),L P '(B)), p,p e 
[1, oo], i + ^,ona finite measure space ( B, 88, v). 

Finally, we give two situations (involving some extra assumptions on (G, F )) in which 
T being regular is not only a sufficient condition but a necessary condition as well. The 
idea is to impose conditions on (G, F) which allow us to obtain that T is regular, either via 
an application of Fact 12.51 to T or via an application of this theorem to S in combination 
with Lemma 13.151 

Proposition 3.17. Suppose, in addition to the assumptions of Theorem \3. 13\ that either 

(i) G has a Levi norm, or 

(ii) the image of g i—> (• ,g),G —» F * is a band in F*. 

Then T must be regular if, for some dual pair of Banach spaces (X, Y) with Y — l x in 
case (i) and X — ( l in case (ii), T ® Iy has an extension to a o~(L‘ x ’(A\Y),L 1 (A;X))-to- 
cr(G(Y), F®X) continuous linear operator Ty £ X(L°°(A; Y), G(Y)). 

Proof Let us first consider case (i). Note that it, in particular, T®Ip has a unique extension 
to a bounded linear operator from L°°(A)®f l to G®f l . Lact l2.5l now yields that T is regular. 

Next we consider case (ii). In view Lemma [3.15l it suffices to prove that S is regular. By 
Lact l2.5l and the fact that L l (A ) has a Levi norm, for this it is in turn enough to show that 
S ® Ip has an extension to a bounded linear operator S p e Jj(F , L l (A; f 1 )). But, by 
Lemma 1331 the adjoint of the cr(L°°(A; Y), L} (A\ ( l ))-X.o-cr(G(Y), F®C l ) continuous linear 
operator Ty e £(L°°(A ; Y), G(Y)) is an extension of S <8> Ip. □ 

Corollary 3.18. Suppose, in addition to the assumptions of Theorem 13.731 that the image 
of g i—* (■ ,g),G —» F* is a band in F*. Then the following assertions are equivalent. 

(a) T is regular. 

(b) S is regular. 

(c) T <g> I(oo has an extension to a bounded linear operator from L°°(A)®f°° to G®C m . 

(d) 5 ® Ip has an extension to a bounded linear operator from F®f l to L l (S ; f 1 ). 

(e) For any dual pair of Banach spaces (X,Y), T ® Iy has an extension to an op¬ 
erator Ty € £(L°°(A-,Y),G(Y )) which is o-(L°°(A-,Y),L l (A;X))-to-o-(G(Y),F®X) 
continuous. 

(f) For any dual pair of Banach spaces (X, Y), S ® lx has an extension to an op¬ 
erator Sx € -C(F®X,L\A\X )) which is cr(F®X, F x (Y))-to-cr(L l (A; X), L°°(A; Y)) 
continuous. 

In this situation, for which to occur it suffices that G has a strong order unit, S x and T y are 
adjoints of each other with respect to the dualities (F®X, G(Y)) and (L l (A;X), L°°(A; F)). 
Moreover, these extensions are of norm ||5xll < l|5||,. and ||7Y|| < ||r|| r . 
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Proof. Note that G must be Dedekind complete, being lattice isomorphic to a band in the 
Dedekind complete F*. 

"(a)=>(c)": See Fact (241 

"(c)=>(d)": Viewing L 1 (A; H 1 ) as a closed linear subspace of (L 00 ®/” 0 )* via the isometric 
embedding 

i ■ L'iA-J 1 ) —»(L”(A)®T)Vz i * </t, • 

it is enough that S ® If has an extension to a bounded linear operator from F®( 1 to 
(L 00 ®/’ 00 )*- For this let 

j : F®^ 1 —» (G®T)*,/ </, • W W)> | G ^ 

be the natural continuous inclusion and let t/ e X((G®^°°)*, (L m (A)f>{ m y') be the Banach 
spaced adjoint of the bounded extension of T® I(°°. Now observe that U o j extends S ® If. 
"(d)=>(b)": This follows from Fact 12. 5 1 and the fact that L l (A ) has a Levi norm. 
"(b)=>(a)": This is precisely Lemma [3.15l 
"(a)o(e)": Combine Theorem B. 131 with the above proposition. 

"(e)o(f)": See Lemma[33] 

The final assertion follows from Theorem B. 13l and Corollarv B. 161 □ 


3.4. Extensions with respect to (X,Y) = (IP, II) for a Hilbert space H. Similar to 
Fact 12.61 for the existence of the extension in Theorem B. 6l we do not need to impose any 
conditions on T under the extra assumption that G has a sequentially Levi norm. 


Proposition 3.19. Let E and G be two Banach function spaces, T 6 -C(E, G), and LI a 
Hilbert space. Suppose that G has a sequentially Levi norm. Then T has a H-valued 
extension Th e -C(E(H),G(H)) with respect to {H*,H) (in the sense of (13.1b ) which is of 
norm ||7Y|| < Kq ||7j|, where Kq is the Grothendieck constant. 


Proof. We may without loss of generality assume that H is separable, see Lemma [3781 (i). 
Now choose an orthonormal basis {/i ;l } /ie jN of H. Given an e e E(H), it suffices to show that 
E;ieN T(h „, e) ® h n converges pointwise a.e. in H to an element of norm < Kq ||7j| \\e\\ E(H) . 
But this follows from the hypothesis that G has a sequentially Levi norm in combination 
with the estimate 


( N \ 

1/2 


N N 

1/2 

T(h n ,e)\ 2 


<k g \\t\\ 

fN_ 

"S' 

K 

w 


v «=0 > 


G 

n= 0 > 



< K c ||7j| \\e \\ E(H) ; 


here we use the Grothendieck inequality for Banach lattices (see l24l pg. 82]). 


□ 


As an immediate consequence of this proposition. Fact 12.61 and Lemma [L2l (iil. we 
have something similar for Theorem B. 131 

Corollary 3.20. Let (D , E) and ( F, G ) be two Kothe dual pairs, let T 6 £(E, G) be a 
cr(E, D)-1o-cr(G, F) continuous linear operator with adjoint S 6 Jj(F, L l (A)), and let H be 
a Hilbert space. Then it holds that T ® In has a unique extension to a cr(E(H), D®H*)-to- 
cr(G(H),F®H*) continuous linear operator Th 6 £SE(Y ), G(H)). In this situation, Th is 
the H-valued extensions ofT with respect to (H *, H) and the adjoint S h £ JffF®H *, F®H*) 
ofTn is the unique bounded extension of S ® ///*. Moreover, these extensions are of norm 

IIS /HI < Kg\\S\\ and\\T a \\ < K c ||7j|. 
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4. Proof of Theorem I3.13I 

Let the notations and assumptions be as in Theorem l3.13l For the proof of this theorem 
we need three lemmas. Before we can state the first lemma, we have to define the notion of 
countable step function: a function / : A —» Y is called a countable step function if it is 
measurable and only assumes countably many values. Note that such a function is strongly 
measurable and can (in fact) be written as the poinwise limit / = YjT=o with (A^sn 
a mutually disjoint sequence in ■<// and (y„)„ £ N a sequence in Y. 

Lemma 4.1. The subspace of countable step functions lying in L°°(A\ Y) is dense in L“(A; Y). 
Proof See the proof of Proposition 1.9 in j28l . □ 


Lemma 4.2. Let (D, E) be a Kothe dual pair of Banach function spaces on a measure 
space (C,S^,p), suppose that (e k )ke n c E is such that YikLo kl * s E, and let (yf)ke n 
be a bounded sequence in Y. Then YjkLo e k(c)y k converges in Y for a.a. c e C and the 
resulting function e : C —> Y, defined by e(c) := 'Z,’k=Q e k{c)yk, belongs to E(Y ) and is of 
norm ||e|| < ||(y*)lloo ||EtLo kl||- Moreover, we have e - ffk=o e k ®Yk with convergence in 
the cr(E(Y), D{X))-topology. 


Proof Observing that, for a.a. c e C, 

OO oo 

k=0 k =0 

we find that, for a.a. c e C, e(c) = ££1 0 e k (c)y k converges in Y and ||e(c)|| < ||Cy*)IL k( c )l- 
Therefore, e e E(Y) with ||e|| < HO-OIL ||Z*L 0 l e *l||- 

To prove the final assertion, fix an d e D(X). The sequence L l (C)-sequence (c i-> 

( d(c ), ElLw+i e k(c)ykY)N<=i n converges a.e. to 0 as N -a oo and is dominated by a scalar 
multiple of \\d\\ x ||iXo kl|| ||(yt)IL € L\C), so that 


N 

(d,e- ^e k ®y k ) 
k =0 


r °° 

= J {d(c\ 2 

L AT, 


e k {c)y k )dp{c ) —» 0. 


k=N +1 


Lemma 4.3. Viewing lJ (A) as closed Riesz subspace of (LX(A))*, L l (A) is a band in 
(L°°(A))*. 

Proof Recalling that (L 1 (A), L°°(A)) is a norming Kothe dual pair, we may view /J (A) and 
L°°(A ) as closed Riesz subspaces of (L°°(A))* and ( L l (A ))*, respectively. Accordingly, let 
J : (L“(A))* —> (L 1 (A))**/(L“(A))- l be the canonical isometric lattice isomorphism and 
let it : (L'CA))** —> (L 1 (A))*7(L”(A))- l be the natural map. 

To see that L'(A) is an ideal in (L°°(A))*, let A e (L“(A))* and f e L X {A) be such 
that 0 < A < / in (L°°(A))*. Then / viewed as a functional on (Z . 1 (A))* is positive and 
its restriction to L°°(A) dominates the positive A e (L°°(A))*. Hence, A has an extension 
to a functional A on (L}{A)Y satisfying 0 < A < / in (L'(A))**. Since L l (A), having 
an order continuous norm, is an ideal in (L 1 (A ))**, it follows that A e L l (A). Therefore, 
A = r'^A)) e = L\A ). 

It remains to be shown that the ideal L l (A) in (L°°(A))* is also order closed in (L“(A))*. 
To this end, let {f a } a c L l (A) be such that 0 < /„ / A € (L°°(A))*. Then we in particular 
have that {/„} is an increasing positive norm bounded net in /J (A). From the fact that L l (A ) 
has a Levi norm it now follows that f a /* f for some / e L X (A). But then we must have 
A = / e L l (A), as desired. □ 
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We are now ready to prove Theorem l3. 1 31 


Proof of Theorem \3. 13\ We only need to establish existence of Ty and the norm estimates. 

First observe that S is regular. Indeed, letting j : F G* be the natural inclusion 
and letting n : (L°°(A))* —> l} (A) be the map induced by Lemma 14.31 we have that 
S = n o T* o j : F —> L l (A). Therefore, S e M(F,L l (A )) = £ r (F,L l (A )) as n > 0, 
T* e M(G*, ( L°°(A ))*), and j > 0. 

By Fact 12.41 as S e £(F, if (A )) is regular, S 8 lx has an extension to an operator 
Sx £ £(F8X,L l (A\X)) of norm ||S||x < ||5|| rcg . Letting i : L°°(Y;X ) L l (A;X ))* and 
j : G(Y ) c —> (F8Xf be the natural continuous inclusions, we claim that (i) (Sx)* 0 i 
extends j o (T 8Iy) and (ii) (Sx)* maps i(L°°(Y\X)) into j(G(Y)) and (iii) j~ l o (Sx)* 0 i £ 
£(L°°(a'; T), G(T)) of norm < \\T\\ M(L „ (AlG) . Then (ii) tells us that S x has an adjoint (S x) 
w.r.t. the dualities (F®X, G(Y)) and (L l (A\X), L“(A; Y)), which by (i) extends T 8 ly. The 
norm inequality ||7Y|| < II y 11 (A),G) then follows from (iii). 

For (i), let h e L°°(A) 8 Y be arbitrary. Then an elementary computation shows that 
((T 8ly)h, f) = (h, S xf) for all / in the dense subspace F 8X of F8X, which by continuity 
extends to all / e F(X). This gives (i). 

For (ii) and (iii) we denote by V the linear space consisting of all countable step func¬ 
tions in L°°(A; Y) equipped with the restricted norm of L°°(A; Y). Let R e £(L m (A), G) be a 
positive operator dominating T and fix an arbitrary h e V, say h = YjT=o 1 A k yk with (A^^n 
a mutually disjoint sequence in sY and (yrOfeN a bounded sequence in Y. Then note that, 
by Lemma l4~2l h = Iaj ® yu with convergence in the cr(L“(A; Y), L 1 (A; 3Q)-topology. 
From the weak* continuity of (S x)* as a Banach space adjoint operator and (i) it follows 
that 


CO oo 

(4.1) (Sxfi(h) = Y,(Sx)*i( U t ® yu) = J] j(TU t ® }’k) 

k=0 k =0 

with convergence in the weak*-topology. 

For the sequence (ri^teN c G, |7’l,4 t e G follows from the ideal property of G 
and the estimate 




k=0 k =0 


RU k 


K 




< Rl e G. 


Via Lemma l4~2l we obtain convergence of the series T\ Ak ®yk in G(Y) w.r.t. the 
cr(G(Y), LlsA'j-topology together with a norm estimate of the resulting element of G(Y ): 


^ T\a, ®yk 

k =0 


<ll^i||||(y*)IL<ll«lll 


In combination with (14. Il l this gives (Sx)*i(h) £ j(G(Y)) and ||j 1 ((5z)*i/i)|| ^ ll^ll ||/j||. As 
h and R were arbitrary, this shows that (Sx)* °/maps VintoG(T)and that j~ 1 °((Sx)*°i\ v ) £ 
£(V, G(Y)) is of norm < \\T\\mu^{A).G)- V being a dense subspace of L“(A; Y) (see Lemma 
14. Ik °((5x)*°iL) has a unique extension to abounded linear operator Q from L°°(A; Y) 
to G(Y) of norm < \\T\\ M i L °°(AyG)- Th e observation that j o Q and (Sx)* ° i coincide on the 
dense subspace V of L°°(A; Y) and consequently that j o Q = (Sx)* 0 i now yields (ii) and 
(iii). □ 
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5. An Application: Conditional Expectation on Banach Space-Valued L“-Spaces 

Let (A,srf,p) be a measure space, & c si a sub-cr-algebra, and X a Banach space. 
The conditional expectation operator on L 1 (A; X) with respect to ■'¥ is the operator IE V Y e 
-£(L'(A)) which assigns to an / € L l (A\X) the unique E ^ x f e L l (A,^;X) satisfying 

(5.1) f f dp = f E ^ x fdp, Fef; 

Jf Jf 

here we write L}(A,jY\X) for the closed linear subspace of Lr(A\X) consisting of all 
equivalence classes which have a strongly ^-measurable representative. This operator 
is a contractive projection with range 0 (A, ■'F\ X) and it can be obtained via bounded ten¬ 
sor extension of the conditional expectation operator ET on L’(A), which is a positive 
operator. We refer to m, where also pointwise convexity (Jensen-type) inequalities are 
proved for A-valued extensions of positive operators. 

Now suppose that (A, s/,p) is semi-finite and that the restricted measure space (A, jr) 
is Maharam; it can in fact be shown that (A, ,v/,p) is automatically semi-finite when 
(A, &,p\gfi is Maharam. Given a Banach space Y, we would like to define the conditional 
expectation operator on L°°(A; Y) with respect to & as the operator E“I- y e Jj(L°°(A\ Yj) 
which assigns to an / e L“(A; Y) the unique EJ. y f e L°°(A, Y) satisfying 

(5.2) f fdp = f E“ Y f dp, F 6 .^(p); 

Jf Jf 

here Ai(p) — [F e A? : p(F) < oo}. In scalar case Y = K we can define EJ = EJ. K by 
restriction to L°°(A) of the Banach space adjoint (E^.)* e XKT'lA))*): 

Lemma 5.1. The conditional expectation operator EL on lJ(A) is a <r(lJ (A), L a ‘ (A))-to - 
tr(L l (A), L°°(A )) continuous linear operator whose adjoint is a positive contractive projec¬ 
tion on L°°(A) with range L°°(A, JF) satisfying the above definition of conditional expecta¬ 
tion operator on L^iA). 

Proof Recall that E, 1 ^ is a positive contractive projection on iJ (A) with range /J (A, Xfy, 
so L'(A) = LHA ,Sf) ffi U where U := (1 - E^)L ! (A). Since L“(A,Sf) = (L\A,&))* 
(as (A,A?,p\%) is Maharam), it follows that (E^)* is a positive contractive projection on 
(L'(A))* = L°°(A, Sf) © U* with range L°°(A, Sf). Identifying L°°(A ) with a closed subspace 
of (L l (A))* ((A, s/,p) is semi-finite), (E^)* restricts to a contractive projection on L°°(A) 
with range L°° (A, Sf). □ 

We can now obtain E™' 1 from via an application of Theorem l3. 1 31 

Proposition 5.2. Suppose that (A, s/,p) is semi-finite and that the restricted measure 
space (A, is Maharam. For every Banach space Y we have existence of the condi¬ 

tional expectation operator EJ. y on L°°(A; Y) (see (15.2b ). Ejj y is a contractive projection 
on L°°(A; Y) with range L°°(A, Y). Moreover, if (X, Y) is a Banach dual pair, then we 

have 

f (/, E“ jg ) dp = Jg) dp, f e l) (A; X), g e L°°(A\ Y). 

Proof Since there always exists a Banach space X for which there is Banach dual pair¬ 
ing (X, Y) (just take X = T*), we may prove the first and second assertion at the same 
time. Applying Theorem [3T3] to S — E^ e Jj(L l (A)) and T = E". e _£(L°°(A)), we 
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get contractions Sx £ J1(L ] (A; X)) and Ty £ £,{L°°{A\Y )) with respect to the duality 
(L 1 (A; X), L°°(A; Y)) such that Sx is the unique bounded extension of 5 <8 ) lx and 

<*, Tyf) = T{x, />, xeX.fe L”(A; F). 

Recalling that E^ Y = Sx, it is not difficult to see that we can take EJ. y := Ty. □ 

For a different and more direct way to define the conditional expectation operator on 
Banach-valued L°°-spaces we refer to EQ (also see the references therein). 

Acknowledgment. The author would like to thank Mark Veraar for making him aware of 
FactO(II). 


References 

[1] Y. A. Abramovich and C. D. Aliprantis. Positive operators. In Handbook of the geometry of Banach spaces, 
Vol. /, pages 85-122. North-Holland, Amsterdam, 2001. 

[2] F. Albiac and NJ. Kalton. Topics in Banach space theory, volume 233 of Graduate Texts in Mathematics. 
Springer, New York, 2006. 

[3] C.D. Aliprantis and O. Burkinshaw. Positive operators. Springer, Dordrecht, 2006. Reprint of the 1985 
original. 

[4] R. Armario, F.J. Garsiya-Pacheko, and F.J. Peres-Femandes. On vector-valued banach limits. Functional 
Analysis and Its Applications, 47(4):315—318, 2013. 

[5] J. Bourgain. Vector-valued singular integrals and the H l - BMO duality. In Probability theory and harmonic 
analysis (Cleveland, Ohio, 1983), volume 98 of Monogr. Textbooks Pure Appl. Math., pages 1-19. Dekker, 
New York, 1986. 

[6] A. V. Buhvalov. The analytic representation of operators with an abstract norm. Izv. Vyss. Ucebn. Zaved. 
Matematika, (ll(162)):21-32, 1975. 

[7] A. V. Buhvalov. The duality of functors that are generated by spaces of vector-valued functions. Izv. Akad. 
Nauk SSSR Ser. Mat., 39(6): 1284-1309, 1438, 1975. 

[8] D. L. Burkholder. A geometric condition that implies the existence of certain singular integrals of Banach- 
space-valued functions. In Conference on harmonic analysis in honor of Antoni Zygmund, Vol. I, II 
(Chicago, III, 1981), Wadsworth Math. Ser., pages 270-286. Wadsworth, Belmont, CA, 1983. 

[9] D.L. Burkholder. Martingales and singular integrals in Banach spaces. In Handbook of the geometry of 
Banach spaces, Vol. /, pages 233-269. North-Holland, Amsterdam, 2001. 

[10] J.B. Conway. A course in functional analysis, volume 96 of Graduate Texts in Mathematics. Springer-Verlag, 
New York, second edition, 1990. 

[11] N. Dinculeanu. Conditional expectations for general measure spaces. J. Multivariate Anal., 1:347-364, 
1971. 

[12] D. H. Fremlin. Topological Riesz spaces and measure theory. Cambridge University Press, London, 1974. 

[13] D. H. Fremlin. Measure theory. Vol. 2. Torres Fremlin, Colchester, 2003. Broad foundations. Corrected 
second printing of the 2001 original. 

[14] D. H. Fremlin. Measure theory. Vol. 3. Torres Fremlin, Colchester, 2004. Measure algebras. Corrected 
second printing of the 2002 original. 

[15] J. Garcia-Cuerva and J.L. Rubio de Francia. Weighted norm inequalities and related topics, volume 
116 of North-Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam, 1985. Notas de 
Matematica [Mathematical Notes], 104. 

[16] L. Grafakos. Classical and modern Fourier analysis. Pearson Education, Inc., Upper Saddle River, NJ, 
2004. 

[17] M. Haase. Convexity inequalities for positive operators. Positivity, 11(1):57—68, 2007. 

[18] W. Hensgen. Some properties of the vector-valued Banach ideal space E(X) derived from those of E and X. 
Collect. Math., 43(1):1-13, 1992. 

[19] C. Herz. The theory of /7-spaces with an application to convolution operators. Trans. Amer. Math. Soc., 
154:69-82, 1971. 

[20] T.P. Hytonen. Vector-valued extension of linear operators, and Tb theorems. In Vector measures, integration 
and related topics, volume 201 of Oper. Theory Adv. Appl., pages 245-254. Birkhauser Verlag, Basel, 2010. 

[21] A. Kitover and M. Orhon. Reflexivity of Banach C(AT)-modules via the reflexivity of Banach lattices. Posi¬ 
tivity, 18(3):475^188, 2014. 


BANACH SPACE-VALUED EXTENSIONS OF LINEAR OPERATORS ON U 


21 


[22] J. L. Krivine. Theoremes de factorisation dans les espaces reticules. In Seminaire Maurey-Schwartz 1973- 
1974: Espaces L p , applications radonifiantes et geometrie des espaces de Banach, Exp. Nos. 22 et 23, 
page 22. Centre de Math., Ecole Polytech., Paris, 1974. 

[23] S. Kwapien. Isomorphic characterizations of inner product spaces by orthogonal series with vector valued 
coefficients. Studia Math., 44:583-595, 1972. Collection of articles honoring the completion by Antoni 
Zygmund of 50 years of scientific activity, VI. 

[24] J. Lindenstrauss and L. Tzafriri. Classical Banach spaces. II, volume 97 of Ergebnisse der Mathematik und 
ihrer Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag, Berlin, 1979. Function 
spaces. 

[25] J. Marcinkiewicz and A. Zygmund. Quelques inegalites por les operations lineares. Fund. Math, pages 
122-132, 1939. 

[26] P. Meyer-Nieberg. Banach lattices. Universitext. Springer-Verlag, Berlin, 1991. 

[27] H. H. Schaefer and M. P. Wolff. Topological vector spaces, volume 3 of Graduate Texts in Mathematics. 
Springer-Verlag, New York, second edition, 1999. 

[28] N. N. Vakhania, V. I. Tarieladze, and S. A. Chobanyan. Probability distributions on Banach spaces, vol¬ 
ume 14 of Mathematics and its Applications (Soviet Series). D. Reidel Publishing Co., Dordrecht, 1987. 
Translated from the Russian and with a preface by Wojbor A. Woyczynski. 

[29] A. W. Wickstead. Regular operators between Banach lattices. In Positivity, Trends Math., pages 255-279. 
Birkhauser, Basel, 2007. 

[30] M. Wojtowicz. Reflexivity and the separable quotient problem for a class of Banach spaces. Bull. Polish 
Acad. Sci. Math., 50(4):383-394, 2002. 

[31] A.C. Zaanen. Integration. North-Holland Publishing Co., Amsterdam, 1967. Completely revised edition of 
An introduction to the theory of integration. 

[32] M. Zippin. Banach spaces with separable duals. Trans. Amer. Math. Soc., 310(1):371—379, 1988. 

Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, 

The Netherlands 

E-mail address: N. Lindemulder@tudelft.nl 



